ABSTRACT. For a commutative Noetherian ring R of prime characteristic, denote by f R the ring R with the left structure given by the Frobenius map. We develop Thomas Marley's work on the property of the Frobenius functor F(−) = − ⊗ R f R and show the interplay between F and its dual F(−) = Hom R ( f R, −) which is introduced by Jürgen Herzog.
INTRODUCTION
Let R be a commutative Noetherian ring of prime characteristic p and let f be the Frobenius map. Consider f R which, as an additive group coincides with R, and has bimodule structure over R such that R acts on the left via f and on the right via the identity. The functor F(−) = − ⊗ R f R, which has been introduced by Peskine and Szpiro, plays an important role in commutative algebra (e.g., see [23] , [12] , [16] and [17] ). Note that F preserves projectivity. Thomas Marley, in [20] , has studied rings on which F preserves injectivity and characterized one dimensional rings for which F preserves injective modules (FPI for short).
Our first task is to develop the Marley's idea to rings of higher dimensions in Section 3, Propositions 3.1. By using the functor F(−) = Hom R ( f R, −), we show that a necessary and sufficient condition for a ring to be FPI is that the two functors (F(−)) * and F((−) * ) are equivalent on the category of finitely generated R-modules, where (−) * = Hom R (−, R) (see Theorem 4.2). We next introduce rings for which F preserves reflexivity ( FPR for short), and show that an F-finite one-dimensional local ring is Gorenstein ( resp. FPI) if and only if it is FPR and inj.dim R F(R) < ∞ (resp. F(R) has a non-trivial free direct summand) (see Theorem 4.14) . Finally, under mild conditions, we show that R is quasi-Gorenstein if and only if R is FPI (Theorem4.4).
PRELIMINARIES
Throughout this paper R is a commutative Noetherian ring with prime characteristic p and all modules are finitely generated R-modules unless otherwise stated explicitly. The Frobenius map f : R → R is defined by f (r) = r p for all r ∈ R which is a ring homomorphism. Let f R denote the (R − R)-bimodule which is R as an additive group and has the structure on the left defined by f and the structure on the right defined by the identity map on R. For a positive integer e, denote f e = f • · · · • f : R → R, e times. Let e (−) be the functor from the category of R-modules to itself such that, for an R-module M, e M denote the abelian group M viewed as a (R − R)-bimodule via the left and right scaler products r * m = r p e m and m · r = rm, r ∈ R, m ∈ M, respectively.
The functor e (−) is exact on the category of R-modules. Note that e R := f e R.
The eth Peskine-Szpiro functor is F
has been given an Rmodule structure as follows. For r ∈ R, s ∈ f e R and x ∈ M, r.( and F e see also [5] , [10] , [12] and [23] .
Recall the following definition and conventions.
Definition 2.1. A ring R is said to be F-finite if f R is a finitely generated as left R-module.
The ring R is F-finite if and only if f e R is a finitely generated R-module for any e 1. For any prime ideal
as R q -module, without R being F-finite. Any localization and homomorphic image of an F-finite ring is also F-finite. Also, for a local ring (R, m), transferring to the the completion, (−), with respect to the m-adic topology, one has f ( R) We use the following result of Herzog which shows the interplay between F and F. For a local ring (R, m, k), 
) for any finitely generated R-module M.
RINGS WHOSE FROBENIUS FUNCTORS PRESERVE INJECTIVE MODULES
In [20] 
is the top local cohomology module of R with respect to the maximal ideal m of R.
If a ring R is a homomorphic image of a Cohen-Macaulay local ring (S, n) possessing a canonical module ω S , then R admits a canonical module
ring which is F-finite, then R is a homomorphic image of an F-finite regular local ring [9, Remark 13.6] and so R admits a canonical module K R . Note that when K R exists, the natural homomorphism R → Hom R (K R , K R ) is an isomorphism if and only if R is (S 2 ) which is equivalent to that R satisfies (S 2 ). 
R . In the following we develop this result for more general higher dimensions. 
(i) If R is generically Gorenstein and K R
Proof. (i). As R is equidimensional and unmixed, i.e. R has no embedded primes, the canonical module K R is isomorphic to an ideal I of R such that ht (I) = 1 (see [ More over, [20, Theorem 3 .11] we will finish the task if we prove F(E) ∼ = E , where E = E R (R/m).
Consider the natural surjection map π :
Let p be a minimal prime ideal of R. As R is generically Gorenstein and ht (I) = 1, we have
as desired.
(ii). For convenience set ω := K R . As R is FPI, it is generically Gorenstein (see [20, Proposition 3.4 (b) ]) so that R/ω is a Gorenstein and R/ω [p] is equidimensional. Therefore R/ω [p] is unmixed. Note that R is a homomorphic image of a Gorenstein ring so that FPI and weakly FPI are equivalent. Also R is weakly FPI if and only if R is weakly FPI [20, Proposition 3.4 (c)]. Thus we may assume that R is complete.
Applying local cohomology to the exact sequence 0 → ω → R → R/ω → 0 gives the exact sequence
We show that R/Im β is the canonical module of R/ω [p] . Note that R/ω [p] is a homomorphic image of R so that it admits a canonical module, K R/ω [p] say, and hence H
, where 
THE EFFECT OF THE FROBENIUS DUAL FUNCTORS ON FPI RINGS
The dual of the Peskine-Szpiro functor F e , which has been studied by Herzog in [12] , is the functor F e R (−) = Hom R ( f e R, −) on the category of R-modules. As mentioned in the Preliminaries section, for an R-module M,
has an R-module structure via the right R-action on f e R.
Throughout this section the ring R is assumed to be F-finite so that R admits a canonical module K R ( when R is Cohen-Macaulay we write ω R instead). There are some interesting connections between F and F. As an example is the following result which will be used frequently in this paper. The following result presents a characterization for an F-finite local ring to be FPI. 
commutative with isomorphisms τ m and τ m ′ so that τ M is an isomorphism. Let g : M → N be an R-homomorphism of finitely generated R-modules and let µ : R m ։ M and ν : R n ։ N be some epimorphisms. Then there exists an n × m matrix (r i j ) : R m → R n such that gµ = ν(r i j ). Applying the functors F e (−) * and F((−) * ) implies the diagram
In the diagram, all faces, except the front one, are commutative. As the map F e (M) * → R m is injective, it follows that the front face is also commutative. Therefore F e (−) * and F e (− * ) are equivalent functors.
For the converse, we have R ∼ = F(R) * ∼ = F(R * ) ∼ = F(R). By Proposition 4.1, R is FPI.
We may conclude F e (M) * ∼ = F e (M * ) for any R-module which is not necessarily finitely generated. More precisely we state the following. 
, for some e 0 > 0. Then the following statements are equivalent.
(ii) R is FPI.
(iii) For any R-module M and any e > 0, we have
As R is (S 2 ),
is free (see [6, Theorem 3.10] ). Therefore K R is free, as desired.
Recall that an R-module M for which the natural map M → Hom R (Hom R (M, R), R) is an isomorphism is called reflexive. In order to investigate FPR rings, we need to discuss about the depth of F(M). In the following we observe that depth of F(M) is well-behaved when depth R (M) = 0. It is known that every FPI ring is generically Gorenstein and (S 1 ) (see [20, Proposition 3.4 (b) and Proposition
3.12]).
Here we show that the same is true for a ring satisfying FPR.
Proposition 4.8. Any FPR ring is generically Gorenstein and (S 1 ).
Assume that p is a prime ideal of R with ht p ≥ 1. If depth R p = 0 then, by Lemma 4.7, depth R p F(R p ) = 0. As F(R) is reflexive, F(R p ) is torsion-free, a contradiction. Therefore depth R p ≥ 1 which means that R is (S 1 ).
Corollary 4.9. Let R be an Artinian local ring. The following statements are equivalent.
(ii) R is FPR.
(iii) R is FPI.
Proof. As
Proof. As depth
. Therefore, by Remark 2.2. one has the inequality µ R ( e M) > µ R ( e N) between the minimum numbers of generators. Hence from (4.10.1) there is a split injection k → e M.
As an application, we are able to recover the following result. (i) R is Gorenstein.
(ii) G-dim R ( e R) < ∞ for every e > 0. 
Proof. (i)⇒(ii
For any e, we have the exact sequences 0 → e (R/(x 1 , · · · , x i−1 )) Theorem 18] . But depth (R/(x 1 , · · · , x t )) = 0, hence k is a direct summand of e (R/(x 1 , · · · , x t )) for e ≫ 0. This implies that G-dim R (k) < ∞ and so R is Gorenstein.
In In the following, we investigate some results about rings for which the F(M) is injective for modules M. 
The above result may raise the natural question. For a minimal prime ideal q of R when F(R q ) is injective as R q -module? In order to answer the question, we use the notion of the δ -invariant. Assume that R is a Cohen-Macaulay local ring which admits a canonical module and that M is a finitely generated R-module. Therefore a Cohen-Macaulay approximation of M exists which is a short exact se- The following result gives us an answer to the question. Inspired by the proposition 4.11, we bring up the following result which gives an explicit answer to the questions whether FPR implies Gorensteinness or FPI in one dimensional case. R is a maximal Cohen-Macaulay R-module. As Hom R (X , ω R ) = 0, we get ω R ∼ = ω 
